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Abstract
This present investigation carried out the eﬀects of Joule heating and Hall current on free convection ﬂow of electrically conducting
couple stress ﬂuid in a vertical channel. The ﬁnal system of ordinary diﬀerential equations is obtained from the governing non-
linear partial diﬀerential equations by using the similarity transformations. Homotopy Analysis Method has been used to solve the
non-linear system. The inﬂuence of the emerging parameters (Hall, magnetic, Joule heating and the couple stress parameters) on
velocity and temperature proﬁles are presented through plots.
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Peer-review under responsibility of the organizing committee of ICCHMT – 2015.
Keywords: Natural convection, Joule heating eﬀect, Couple stress ﬂuid, Hall eﬀect, HAM.
Nomenclature
Br Brinkman number
C Concentration
CP Speciﬁc heat at constant pressure
f Reduced stream function
ga Acceleration due to gravity
Gr Grashof number
J Joule Heating Parameter
Kf Coeﬃcient of thermal conductivity
Nu Nusselt number
Pr Prandtl number
Re Reynolds number
S Couple stress parameter
S h Sherwood number
T Temperature
u, v Velocity components in the x and y directions re-
spectively
Greek Symbols
α Thermal diﬀusivity
βT Coeﬃcients of thermal expansion
η Similarity variable
η1 Coupling material constant
θ Dimensionless temperature
μ Dynamic viscosity
ν Kinematic viscosity
ρ Density of the ﬂuid
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1. Introduction
Heat transfer in natural convection through a vertical channel ﬂow has considerable importance in many appli-
cations. Much of the early literature of theoretical investigations and their applications on natural convection ﬂow
between parallel plates with heat transfer has been reported by Kairi and Murthy [1]. Recently, Martyushev and
Sheremet [2] analyzed the conjugate natural convection ﬂow with surface radiation in an air ﬁlled cavity with inter-
nal heat source. Most recently, a review on natural convection in enclosures for engineering applications have been
presented by Bari et al. [3].
In recent years, considerable attention has been devoted to Hall current eﬀects due to importance in many astro-
physical and geophysical situations as well as in engineering problems such as centrifugal machines, constructions of
turbines and Hall accelerators. Also the eﬀect Joule heating is usually characterized by the product of the magnetic
parameter and Brinkman number, and it has a very important part in geophysical ﬂow and in nuclear engineering [4].
Most recently, Zhang et al. [5] presented the Joule heating eﬀects on natural convection of participating magnetohy-
drodynamics under diﬀerent levels of thermal radiation in a cavity.
Many ﬂuids in technical processes exhibit non-Newtonian behavior since the conventional Newtonian ﬂuids are
not speciﬁcally explain the properties of real ﬂuids. Among all such non- Newtonian ﬂuids, Stokes [6] introduced
the couple stress ﬂuids, which have diﬀerent features community such as non-symmetric stress tensor, body couples
and couple stresses. These ﬂuids are able to describe various types of blood, suspension ﬂuids, lubricants etc. Later,
he was reported [7] a review of couple stress ﬂuid dynamics. Then the basic properties, applications and the past
literature of the couple stress ﬂuids in diﬀerent geometries were addressed by Adesanya and Makinde [8]. Later
Adesanya and Makinde [9,10] presented the nature of couple stress ﬂuid under the inﬂuence of various parameters in
diﬀerent geometries.
In this paper, the natural convection ﬂow of a couple stress ﬂuid through a vertical channel saturated with porous
medium is investigated in presence of Hall current and Joule eﬀect. The above literature clearly shows the physical
signiﬁcance of the eﬀects of Hall current under the uniform magnetic ﬁeld, and joule heating eﬀect in non- Newtonian
ﬂuids through channel. The Homotopy Analysis Method (HAM) is employed to solve the nonlinear problem. The
HAM was proposed by Liao [11]. The method of approach, recent developments of the HAM can be seen in Srini-
vasacharya and Kaladhar [12,13]. The optimal values of the auxiliary parameters were obtained. Finally the inﬂuence
of various ﬂow parameters on the velocity, temperature and concentration is discussed.
2. Mathematical Formulation
Consider an electrically conducting incompressible couple stress ﬂuid ﬂow in a vertical channel. Cartesian coor-
dinate system is chosen in such a way that x-axis be taken along vertically upward direction through the central line
of the channel, y makes right angle to vertical plates and both the plates are extended inﬁnitely in x and z directions.
The vertical channel plates are placed at y = ±d. Uniform magnetic ﬁeld (B0) is applied perpendicular to the plates
(ﬂow direction), which causes the Hall and Joule heating eﬀects in the ﬂow regime. The induced magnetic ﬁeld can
be neglected by assuming the magnetic Reynolds number is very small in study ﬂow in comparison with the applied
magnetic ﬁeld. Buoyancy forces cause the natural convection ﬂow. In addition, all the ﬂuid properties are assumed to
be constant except the density in the buoyancy term of the balance of momentum equation.
With the above assumptions, the governing equations for the incompressible steady ﬂow of couple stress ﬂuid with
MHD approximations are
∂v
∂y
= 0⇒ v = v0 (1)
ρv0
∂u
∂y
= μ
∂2u
∂y2
+ ρgaβT (T − T1) − η1 ∂
4u
∂y4
− σB
2
0
1 + β2h
(u + βhw) (2)
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ρv0
∂w
∂y
= μ
∂2w
∂y2
+
σB20
1 + β2h
(βhu − w) − η1 ∂
4w
∂y4
(3)
ρCpv0
∂T
∂y
= Kf
∂2T
∂y2
+ 2μ
⎡⎢⎢⎢⎢⎢⎣
(
∂u
∂y
)2
+
(
∂w
∂y
)2⎤⎥⎥⎥⎥⎥⎦ + η1
⎡⎢⎢⎢⎢⎢⎣
(
∂2u
∂y2
)2
+
(
∂2w
∂y2
)2⎤⎥⎥⎥⎥⎥⎦ + σB
2
0
1 + β2h
(u2 + w2) (4)
with
u = 0, w = 0, uyy = 0, wyy = 0 at y = ±d (5a)
T = T1 at y = −d, T = T2 at y = d (5b)
where u,w are the velocity component along x and z directions respectively, ρ is the density, ga is the acceleration due
to gravity, μ is the coeﬃcient of viscosity, βT is the coeﬃcient of thermal expansion, CP is the speciﬁc heat capacity,
Kf is the coeﬃcient of thermal conductivity, η1 is the additional viscosity coeﬃcient which speciﬁes the character of
couple-stresses in the ﬂuid and βh is the hall parameter.
Introducing the following similarity transformations
y = ηd, u =
νGr
d2
f , w =
νGr
d2
g, T − T1 = (T2 − T1)θ (6)
in equations (2) - (4),we get the following nonlinear system of diﬀerential equations
S 2 f (iv) − θ − f ′′ + Re f ′ + Ha
2
1 + β2h
( f + βhg) = 0 (7)
S 2g(iv) − g′′ + Reg′ − Ha
2
1 + β2h
(βh f − g) = 0 (8)
θ′′ − RePrθ′ + 2BrGr2
[
( f ′)2 + (g′)2
]
+ S 2BrGr2
[
( f ′′)2 + (g′′)2
]
+
J
1 + β2h
Gr2( f 2 + g2) = 0 (9)
with
f = g = f ′′ = g′′ = θ = 0 at η = −1
f = g = f ′′ = g′′ = 0 and θ = 1 at η = 1
(10)
where primes denote diﬀerentiation with respect to η alone, Re =
ρv0d
μ
is the Reynolds number,Gr =
gaβT (T2 − T1)d3
ν2
is the Grashof number, Pr =
μCp
Kf
is the Prandtl number, Br =
μν2
Kf d2(T2 − T1) is the Brinkman number, S =
1
d
√
η1
μ
is
the couple stress parameter, Ha = B0d
√
σ
μ
is the magnetic parameter and J = BrHa2 is the Joule heating parameter.
The non-dimensional skin friction and the Nusselt numbers are given by
ReC f 1 = 2 f
′(−1);ReC f 2 = 2 f ′(1);Nu1,2 = − θ′(η)
∣∣∣
η=−1,1 ; (11)
3. The HAM solution of the problem
For HAM solutions, we choose the initial approximations of ( f (η), g(η)), temperature θ(η) as follows:
f0(η) = 0, g0(η) = 0, θ0(η) =
1 + η
2
(12)
with the auxiliary linear operators are
L1 =
∂4
∂η4
and L2 =
∂2
∂η2
(13)
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Fig. 1: h curve for f (η)
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Fig. 2: h curve for g(η)
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Fig. 3: h curve for θ(η)
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Fig. 4: Magnetic parameter eﬀect on f (η) when βh = 2, S
= 1, J = 2
such that
L1(c1η3 + c2η2 + c3η + c4) = 0, L2(c5η + c6) = 0. (14)
where c1, c2, ..., c6 are constants. The non-zero convergence control parameters h1, h2 and h3 are introduced in zeroth-
order deformations.
For HAM solutions the zeroth-order deformations; non-linear operators N1, N2 and N3; average residual errors of
f , g and θ are considered as explained in [13]. For the optimal values of the auxiliary parameters h1, h2 and h3, h-
curves are plotted and presented in Figs. 1 - 3. From the wide admissible range of auxiliary parameters, the permissible
values of h1, h2 and h3 are obtained as -0.8728, -0.856, -0.8672 respectively with the total average residual errors are
presented in Table. 1.
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Fig. 5: Magnetic parameter eﬀect on g(η) when βh = 2, S
= 1, J = 2
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Fig. 6: Magnetic parameter eﬀect on θ(η) when βh = 2, S
= 1, J = 2
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Fig. 7: Hall eﬀect on f (η) when S = 1,Ha = 5, J = 2
-1.0 -0.5 0.0 0.5 1.0
0.000
0.005
0.010
0.015
g
η
 β
h
=1.0
 β
h
=3.0
 β
h
=5.0
Fig. 8: Hall eﬀect on g(η) when S = 1,Ha = 5, J = 2
4. Discussion of Results
The proﬁles of velocities ( f (η), g(η)) and temperature (θ(η)) are computed and presented through plots in Figs. 6
to 21 with diﬀerent values of Ha, βh, J, S by ﬁxing the parameters Pr = 0.71, Br = 0.5, Re = 2, S c = 0.22,Gr = 0.5.
Figure 4 presents the inﬂuence of the Hartman number Ha on f (η). It is clear that increase in the parameter Ha
leads to decrease the ﬂow velocity f (η). It is obvious that the nature of the transverse magnetic ﬁeld normal to the ﬂow
direction has an aﬃnity to create drag (nothing but Lorentz force), which leads to resist the ﬂow. Therefore increase in
magnetic parameter inﬂuences to decrease the ﬂow velocity. Figure 5 shows that the eﬀect of Ha on the induced ﬂow
velocity g(η). It is noticed that the cross ﬂow velocity increases as the magnetic parameter increases. Figure 6 shows
the inﬂuence of Ha on temperature proﬁle. It can be noticed from this ﬁgure that as Ha increases the temperature of
the ﬂow decreases.
The variation of velocity components ( f (η) and g(η)) and temperature (θ(η)) with βh are shown in Figs. 7 to 9.
We see that the dimensionless velocity component f (η) increases with an increase in the Hall parameter. It can be
seen from Fig. 8 that the induced velocity decreases as βh increases. This is due to the inclusion of Hall parameter
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Fig. 9: Hall eﬀect on θ(η) when S = 1,Ha = 5, J = 2
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Fig. 10: Eﬀect of S on f at Ha = 5, βh = 2, J = 2
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Fig. 11: Eﬀect of S on g at Ha = 5, βh = 2, J = 2
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Fig. 12: Eﬀect of S on θ at Ha = 5, βh = 2, J = 2
decreases the resistive force imposed by the magnetic ﬁeld due to its eﬀect in reducing the eﬀective conductivity.
The eﬀect of Hall parameter on temperature proﬁle is shown in Fig. 9. It is clear from this ﬁgure that the non-
dimensional temperature proﬁle increases with the increase of Hall parameter. Literature shows that the Hall Eﬀect is
not signiﬁcant on temperature proﬁle, but in this study the eﬀect of βh on temperature is remarkable because of joule
heating and dissipation eﬀects.
Inﬂuence of couple stress ﬂuid on velocities and temperature are shown in Figs. 10 to 12. The ﬂow velocity f (η),
the induced ﬂow in the z-direction g(η) and the non dimensional temperature proﬁle decreases with the increase in S .
Since increase in couple stress parameter leads to the increase in the stress between all the coupled ﬂuid particles, this
leads to the decrease in the velocities and the temperature proﬁle.
The inﬂuence of Joule heating parameter on f (η), g(η) and θ(η) are presented in ﬁgs. 13 to 15. It is observed
from these ﬁgures that an increase in the Joule heating parameter (J) is associated with a considerable increase in the
velocity proﬁles. It is noticed from ﬁgure 15 that the temperature proﬁle increases with an increase in J.
Variation of couple stress parameter (S ), magnetic parameter Ha together with the Hall number (βh) is presented
in Table 2 with ﬁxed values of other parameters. It can be seen that the skin friction coeﬃcient and heat transfer rate
decreases at the initial plate and increases at the terminal with an increase in Ha. As magnetic parameter increases,
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Fig. 13: Joule heating eﬀect on f at Ha = 5, βh = 2, S = 1
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Fig. 14: Joule heating eﬀect on g at Ha = 5, βh = 2, S = 1
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Fig. 15: Joule heating eﬀect on θ at Ha = 5, βh = 2, S = 1
Table 1: Total average residual errors at diﬀerent order (m)
of approximations
Order Error
10 2.15 × 10−8
14 3.65 × 10−11
16 2.26 × 10−12
18 1.44 × 10−13
20 1.03 × 10−14
30 2.32 × 10−20
the resistive force slowdowns the friction factor and heat transfer rate at η = −1. The eﬀect of couple stress parameter
S on friction factor and heat transfer rates are shown in Table 2. It is clear that the values of f ′ are increases with
an increase in S . The heat transfer rate increases at the initial plate and those are decreases at the other plate with
enhance in S . Finally, for ﬁxed values of S and Ha the eﬀect of hall parameter on the skin-friction coeﬃcient and the
rate of heat transfers are shown in this table. The behavior of these parameters is self-evident from the Table 2 and
hence is not discussed for brevity.
5. Conclusions
The present study investigates the steady manetohydrodynamic ﬂow of couple stress ﬂuid in a vertical channel in
presence of Hall and joule heating eﬀects. HAM is used to solve the ﬁnal dimensionless governing equations. It is
clear from this present study that the ﬂuid ﬂow velocity and the temperature proﬁles are disintegrate where as the ﬂow
in z-direction increases with an increase in Ha. As βh increases, the ﬂow direction velocity and temperature proﬁles
are increases but reverse trend can be observed in case of induced ﬂow velocity. It is noticed that the presence of
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Table 2: Eﬀects of skin friction coeﬃcient and heat transfer rates for various values of Ha, βh and S
Ha βh S f ′(−1) f ′(1) Nu1 Nu2
1 2 0.5 0.1697 -0.2500 -0.0179 0.0203
3 2 0.5 0.0803 -0.1485 -0.0501 0.0614
5 2 0.5 0.0435 -0.1053 -0.0522 0.0654
2 2 0.2 0.1314 -0.3306 -0.0717 0.1079
2 2 0.4 0.1360 -0.2389 -0.0593 0.0721
2 2 0.6 0.1370 -0.1781 -0.0398 0.0442
2 1 0.5 0.1010 -0.1714 -0.0391 0.0460
2 3 0.5 0.1499 -0.2277 -0.0346 0.0452
2 5 0.5 0.1669 -0.2470 -0.0343 0.0390
couple stresses in the ﬂuid decreases the velocity, temperature of the ﬂuid. The ﬂow velocities increases, temperature
and concentration proﬁles are decreases with the increase of Joule heating parameter.
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